I. INTRODUCTION
Thermal conductivity of suspended monolayer graphene has been reported to be very large up to 5300 W=mK at room temperature (T ¼ 300 K) compared with copper (400 W=mK) or diamond (2000 W=mK) [1] , which is important for possible application of heat-transfer materials or low-dimensional thermoelectric materials [2, 3] . Thermal conductivity of graphene occurs mainly by phonons, while thermal conductivity of the conventional metal is mainly given by free electrons; this principle is known as the Wiedemann-Franz law [4] . The thermal conductivity of a phonon mode in the two-dimensional material is given by Cvl=2, where C, v, and l denote, respectively, the heat capacity, the group velocity, and the mean free path of the phonon (MFP) [4] . The MFP l is given by l ¼ vτ, where τ is the relaxation time of phonons that is determined by phonon-phonon scattering and phonon scattering by isotope.
Balandin and his co-workers have written comprehensive review articles on the thermal conductivity of 2D graphene, few-layer graphene, and one-dimensional (1D) graphene nanoribbon combined with their measurements, which contains comparison of theoretical methods and the difference of thermal conductivity between 2D or 1D graphene and 3D graphite [5] [6] [7] [8] [9] . Phonon thermal conductivity is large in graphene for the following reasons: (1) because of the high symmetry of graphene crystal, many anharmonic terms are suppressed or give relatively small values compared to low-symmetry materials; (2) the mass of a carbon atom is small, while large force constants of vibration exist due to the sp 2 covalent bonding; and (3) the in-plane acoustic phonon modes have large phonon mean free paths due to the lack of interlayer coupling of the phonons [5] [6] [7] [8] [9] . The small mass of a carbon atom with large force constants provides large group velocity for acoustic phonon modes with a large Debye temperature (2800 K) [10] of carbon compared to copper (343 K) [4] .
Within the harmonic term of the crystal potential, the equation of motion for atoms can be diagonalized, from which we obtain phonon energy dispersion as a function of the phonon wave vector q. When the anharmonic term of the crystal potential that is expressed by the cubic term of the vibrational amplitude is introduced to Hamiltonian, the phonon wave vectors are no longer good quantum numbers and phonon-phonon scattering occurs. By considering the anharmonic potential as a perturbation, the phonon relaxation time or MFP l can be calculated as a function of q for each phonon mode, from which we can discuss the diffusive thermal conductivity. The diffusive thermal conductivity can be calculated by integrating the product Cvl=2 over the Brillouin zone in which (1) the heat capacity C of the material is calculated with the phonon density of states, (2) the group velocity v of the phonons is calculated with the phonon dispersion relation, and (3) the MFP is calculated with anharmonic terms. The total thermal conductivity is given as a function of T by integrating Cvl=2 for all phonon modes and q over the Brillouin zone.
The MFP increases with decreasing T value, and diffusive thermal conductivity thus increases. When the MFP l of the sth phonon mode is larger than the sample size L, ballistic thermal conductivity for the sth phonon mode occurs in which the phonon-distribution difference between the high-T side and the low-T side of the sample generates the heat flux, which is proportional to the product of the group velocity of the phonon and the heat capacity. The ballistic thermal conductivity monotonically decreases with decreasing T value since the heat capacity below the Debye temperature monotonically decreases to zero with decreasing T value to T ¼ 0 K. Thus, the maximum thermal conductivity appears at a crossover temperature from diffusive to ballistic thermal conductivity, which should depend on the sample size L. In this paper, we calculate thermal conductivity of graphene as a function of T and L by the so-called force-constant model [11, 12] while considering anharmonic force constants.
Chen and co-workers reported [13, 14] that the thermal conductivity of a suspended single crystal of graphene monotonically increases with decreasing T value or with decreasing concentrations of an isotope of carbon, 13 C, up to 0%. The temperature dependence and the
13
C concentration dependence of the thermal conductivity above 300 K can be explained, respectively, by diffusive thermal conductivity and phonon scattering by 13 C because of the different mass of 12 C. If we estimate the MFP, we can predict that the thermal conductivity has a maximum at the lower temperature and then decreases with further decreasing T values because the heat capacity becomes zero at T ¼ 0 K. Paulatto et al. calculated anharmonic properties of graphite and graphene by an ab initio calculation in which the phonon lifetime is expressed by the spectral width of phonon energy dispersions [15] . Anharmonic terms are obtained by empirical potentials, too, by other groups [16, 17] , though some empirical potentials do not reproduce the phonon energy dispersion and the potentials are not stable for a small displacement of atoms. Although the first-principles calculation does not require any empirical parameters, it is not clear from the calculated results which anharmonic terms are important for given T and L values. In this paper, using the symmetry analysis, we propose the dominant anharmonic terms of graphene whose values are fitted to reproduce the results of the experiment and the first-principles calculations. Our method can be used for other unknown materials once we can obtain anharmonic potential parameters by first-principles calculation [15, 18] .
Saito et al. calculated temperature dependence of ballistic thermal transport of electrons and phonons [19] in which they showed that some phonons contribute to the thermal conductivity diffusely, while other phonons contribute ballistically. Although we do not discuss how to control anharmonic terms for improving thermal conductivity, it is important when considering possible applications to understand the microscopic picture of the anharmonicity of graphene. In this paper, we focus only on the contribution from each phonon mode for a wide range of temperatures in which we predict a crossover from diffusive to ballistic thermal transport with decreasing temperature which depends on the sample size L.
The organization of this paper is as follows. In Sec. II, we show how to construct anharmonic terms of graphene with the tight-binding method. We will discuss the formulation of thermal conductivity for diffusive and ballistic thermal transport of phonons. In Sec. III, calculated results of thermal conductivity as a function of T and L will be shown for different concentrations of 13 C isotopes. In Sec. IV, a discussion and a summary are given.
II. METHOD A. Anharmonic Hamiltonian
A Hamiltonian for the lattice vibration of graphene which includes third-order anharmonic terms is expressed by [20] 
αβγ u iα u jβ u kγ ðα; β; γ ∈ fx; y; zgÞ; ð1Þ where K, V 2 , and V 3 denote, respectively, the kinetic energy, the harmonic potential, and the third-order anharmonic potential, and m i , p i , and u i denote, respectively, the mass, the momentum, and the displacement of the ith atom from its equilibrium position (u ¼ 0). Φ ðijÞ and Ψ ðijkÞ are, respectively, the second-and third-rank tensors of forces that are defined by the second and third derivatives of potential V at the equilibrium position, which are given by [21] 
In a previous calculation of the phonon dispersion of graphene [11, 12, 22] , we adopted the so-called forceconstant model, in which the harmonic potential between the ith and jth atoms is given using a spring model such as
When we consider the case of i ¼ j in the summation of i and j in Eq. (1) [22] ), respectively, we can select the following anharmonic terms,
where ψ Other anharmonic terms between the two atoms can be set to zero by considering the symmetry of the hexagonal lattice of graphene. For example, a third-order anharmonic term, ðu B 1 y − u Ay Þ 3 , is an odd function of ðu B 1 y − u Ay Þ. However, since the potential V is invariant for the C 2 (or 180°) rotation around the center of the bond, the coefficient of the odd function should vanish. The same discussion can be taken for any pair of nth nearest-neighbor carbon atoms.
For a given potential V, the potential and a third-order tensor such as Ψ ðAAB 1 Þ ; Ψ ðAB 1 AÞ ; Ψ ðAB 1 B 1 Þ ; …; Ψ ðB 1 B 1 AÞ that is defined by Eq. (3) are related to one another by symmetry. For example, the nonzero terms of Ψ ðAAB 1 Þ are given by
Since the potential V is an even function of z for monolayer graphene, all nonzero anharmonic terms have a factor of either u 2 z or 1 (not u z ). Further, since the A and B 1 atoms exist along the x axis, a component such as xxy for the (AAB 1 ) pair should be zero. For a general pair of (ijk), we get the following 14 nonzero components by symmetry of Ψ ðijkÞ αβγ : αβγ ¼ xxx, xxy, xyx, xyy, xzz, yxx, yxy, yyx, yyy, yzz, zzx, zzy, zxz, and zyz.
Once we obtain Ψ ðAAB 1 Þ , the other term-Ψ ðAB 1 AÞ ,
,-is given by the following relationship:
Furthermore, for obtaining the tensor for the other pair of i, j, k atoms that does not exist along the x axis, we can use the rotation matrix U which connects to the i 0 , j 0 , k 0 atoms along the x axis to the i, j, k atoms,
The phonon dispersion relation ω s ðkÞ, (s ¼ 1;…;3N atom , where N atom is the number of atoms in the unit cell) is calculated by solving the dynamical matrix [22] by taking the Fourier transform of u j and by considering only the harmonic term V 2 . Then we can obtain the phonon eigenvectors, eðκjqsÞ, (κ ¼ 1; …; N atom ) for the wave vector q. When we label u j as uðlκÞ at the κth atom in the unit cell with lattice vector l, the Fourier transform of uðlκÞ and its momentum pðlκÞ are given by
where N denotes the number of unit cells in the crystal. Furthermore, XðqκÞ and PðqκÞ can be expressed by a linear combination of the phonon eigenvectors eðκjqsÞ,
where X qs and P qs are, respectively, operators of the amplitude and the momentum for the sth phonon energy band. Defining the annihilation and creation operators for the sth phonon mode as
the Hamiltonian for the harmonic oscillation,
and the anharmonic Hamiltonian V 3 are, respectively, written as
and (17), we get the following processes: (1) three-phonon creation (a † qs a † q 0 s 0 a † q 00 s 00 ), (2) one-phonon splits into two phonons (a † qs a † q 0 s 0 a −q 00 s 00 ), (3) two phonons merging into one phonon (a † qs a −q 0 s 0 a −q 00 s 00 ), and (4) three-phonon annihilation (a −qs a −q 0 s 0 a −q 00 s 00 ). Since we discuss the phonon scattering process in thermal conductivity, we consider only processes (2) and (3), which satisfy energy conservation.
In Fig. 2 , we show (a) the merging process and (b) the splitting process, where each process consists of the normal process (G ¼ 0) and the Umklapp process (G ≠ 0) in the momentum conservation, δ qþq 0 þq 00 ;G , in Eq. (16) .
In the case of the normal process, the total momentum of phonons or the heat flux does not change and thus does not contribute to the thermal resistivity, while, in the Umklapp process, since the total momentum can be changed by reciprocal lattice vectors, it can change the heat flux or thermal resistivity [4] . The normal process contributes to the relaxation of the distribution of phonons only at thermal equilibrium states. (16) that contributes to the thermal conductivity. The momentum conservation, δ qþq 0 þq 00 ;G , is shown for both the hexagonal Brillouin zone in which it is the normal process (G ¼ 0, middle panels) and in which it is the Umklapp process (G ≠ 0, bottom panels).
B. Diffusive thermal conductivity
There are two kinds of thermal conduction by phonons. One is diffusive conduction and the other is ballistic conduction. In diffusive conduction, the heat is transported by phonons that are scattered many times, while in the ballistic conductance, the heat is transported by phonons without scattering. If the sample size L is sufficiently larger than the MFP for each phonon mode, diffusive conduction occurs, while, when L is comparable to or smaller than the MFP, ballistic conductance occurs.
The definition of thermal conductivity κ is given by Fourier's law,
in which Q and ∇T represent, respectively, the heat flux per unit time and per unit cross section, and the temperature gradient. Q is given by
where n qs andn qs denote, respectively, the number of phonons per unit volume for the wave vector q and for the sth phonon mode, as well as that for thermal equilibrium states. In Eq. (20), ℏω qs denotes the heat that the sth phonon carries, n qs −n qs represents an effective number of the phonons that contribute to the thermal conduction, v qs is the group velocity of the phonon, and V is the volume of the sample. As for the volume V, we adopt the conventional definition of volume for this problem as V ¼ NΩd graphite , where N, Ω, and d graphite ¼ 3.35 Å denote, respectively, the number of sampling points in the Brillouin zone, the area of the unit cell of graphene, and the interlayer distance between two graphene layers in graphite.
Here, we assume that the heat flux is parallel to the temperature gradient (Q∥∇T) and that the thermal conduction is isotropic in the two-dimensional plane. Then the diffusion thermal conductivity is given by
In the last line of Eq. (21), we use the following relationship from the Boltzmann equation:
The derivation of Eq. (22) is given in Appendix A. We can define the specific heat of lattice C vqs , per unit volume, for the sth phonon mode at q and the specific heat of lattice C v , per unit weight, as, respectively,
qsnqs ðn qs þ 1Þ;
Using Eq. (23), the diffusive thermal conductivity [Eq. (21)] is conventionally expressed by the product of C vqs , the MFP Λ qs ¼ τ qs v qs ð∥v qs Þ, and the group velocity v qs as follows [2] :
C. Ballistic thermal conductivity
If L is smaller than the MFP, the phonon can propagate from one end to the other without scattering. In this case, we can assume that the phonon moves in one direction from the high-temperature side to the low-temperature side with the group velocity [19] . Making a comparison with Eq. (24), the ballistic thermal conductivity is given by [18] 
where Θðv qsx Þ is either 1 for v qsx > 0 (a right-going phonon) or 0 for v qsx < 0 (a left-going phonon). If we take the ratio κ diff qs =κ ball qs , we get
In order to discuss the crossover of the diffusive and ballistic conduction, we define the MFP for the sth phonon mode and for all phonons, respectively, given as a function of T, as follows:
Finally, using Eq. (26), we define the thermal conductivity κ that includes both κ diff and κ ball as follows:
BALLISTIC AND DIFFUSIVE THERMAL CONDUCTIVITY … PHYS. REV. APPLIED 9, 024017 (2018)
In this definition, for each q and sth phonon mode, if the MFP Λ qs is smaller than 2L=π, we adopt κ ball , while, if the MFP is larger than 2L=π, we adopt κ diff .
D. Phonon scattering by isotope impurities
Finally, we briefly mention the phonon scattering by isotope impurities, which was discussed by Klemens [23] . Since the mass of atom m lκ depends on the position of atom lκ, the momentum of the atom at lκ is written as
where x lκ is an equilibrium position of an atom at lκ. When we define the averaged mass bȳ
where f i and m i denote, respectively, the abundance and the mass of i ¼ and the spectral width of phonon energy dispersion due to the isotope impurity is expressed by
where E q 0 s 0 qs represents the inner products of phonon eigenfunctions defined by
The derivation of Eq. (38) is shown in Appendix B. Since the formula for the spectra width contains the inner product of phonon eigenvectors E q 0 s 0 qs [Eq. (39)], the in-plane (or out-of-plane) phonon mode is scattered only to the same in-plane (or out-of-plane) phonon mode by the isotope impurities.
It is useful to define the averaged phonon frequency for a general isotope concentration. When we denotem nat and ω nat as the mass and the frequency for natural abundance of 1.1% 13 C, the average phonon frequency is given by
III. CALCULATED RESULTS

A. Phonon dispersion relations with spectral width
In order to calculate phonon dispersion relations, we adopt the harmonic force-constant parameters that we obtained in previous work [12] up to the 14th nearest neighbors by fitting the experimental results. As for anharmonic force constants, we fit the force constants up to the fourth nearest neighbor (4NN) so as to reproduce the temperature dependence of experimental thermal conductivity for 1.1% natural abundance of 13 C [13, 14] . We also try to fit the phonon dispersion relation with its spectral width by the firstprinciples calculation given by Paulatto et al. [15] for justifying that our fitting procedure to the experiment is reasonable.
In Table I , we show the anharmonic force constants up to 4NN in units of eV=Å 3 fitted to the experimental results (the top row) and the first-principles calculations (the bottom row). When we compare two of the anharmonic force-constant sets, we find that (1) the force constants for 1NN and 2NN give similar values to one another, but that (2) the force constants for 3NN and 4NN are rather different from one another. For example, we cannot adopt the 4NN value of ψ to , ψ ð4Þ to since the ψ ð4Þ to > 0 gives the opposite temperature dependence of thermal conductivity as that of the experimentally observed temperature dependence, and thus we cannot fit well to the experimental results. The difference between the fitted values for the 3NN and 4NN force constants and those by first-principles calculation is reasonable since we cut the range of anharmonic potential up to 4NN, while they consider a much longer range of anharmonic potential in the first-principles calculations. It is difficult for us to consider a long-distance anharmonic potential since we do not have sufficient information on experiments such as those involving a spectral width of phonon dispersion as a function of q.
In Fig. 3 , we plot phonon dispersion relations with their spectral width, which is magnified by 100 times. A large spectral width for a given s and q corresponds to large thermal resistivity. Furthermore, the phonon modes with lower energies contribute to thermal conductivity at lower values of T. Thus, as long as we consider T < 700 K, the spectral widths of the optical phonon modes such as longitudinal optical (LO), tangential optical (TO) and Zaxis optical (ZO, where Z indicates that the displacement vector is along Z axis) do not contribute to thermal resistivity since such phonons rarely exist. If we simply adopt the anharmonic potentials, we can see some singularly large spectra width at the Γ point or the crossing points of two phonon dispersion relations (not shown in Fig. 3 ). This singularity comes from the fact that the lowest-energy phonon mode near the Γ point, Z-axis accoustic (ZA, where Z indicates that the displacement vector is along the Z axis), can be easily excited by phonon-phonon scattering. In order to avoid such a singularity, we do not consider (for the sake of simplicity) the scattering process with ZA phonons for wave vectors smaller than 0.06jΓKj. In fact, an out-ofplane phonon with such a long wavelength does not exist in the samples, in which we expect defects of the lattice and structural fluctuation, as the phonon is known to not be completely flat of graphene.
The phonons that contribute to thermal conduction are mainly ZA, transverse-acoustic (TA), and longitudinalacoustic (LA) phonons that have relatively small energies. Even if we plot the spectral width of the phonon mode by considering only ψ to , we can reproduce the spectral width of phonon modes below 900 cm −1
. Thus, we can say that the anharmonic force constant ψ to is essential of total thermal resistivity. Furthermore, when we adopt the anharmonic force constants fitted to first-principles calculations, the calculated temperature dependence of thermal conductivity increases more slowly with decreasing values of T compared to that in the experiment. This is the reason we adopt to fit the anharmonic force constants to the experimental results.
In the calculation of thermal conductivity, the scattering of isotope impurity is also taken into account when we make a comparison to the experimental results. In Fig. 4 , we plot the spectral width of the phonon dispersion relation for the case with 1.1% 13 C concentration, in which we consider not anharmonic terms but rather isotope effects for the spectral width, which is magnified by 1000 times. As is seen in Fig. 4 , the spectral width is large for optical phonon modes. However, when we compare the spectral width in Fig. 4 to that in Fig. 3 , the former is relatively small. Since the spectra width for isotope scattering is proportional to the phonon frequencies at initial and final phonon states [see Eq. (38)], the spectral width of ZA phonon is relatively small. It is noted that the spectral width of ZO phonon mode becomes small around the Γ point due to the fact that there are not many scattered phonon modes as the final state near the Γ point.
B. Thermal conductivity
In Fig. 5 , we plot the calculated thermal conductivity as a function of temperature for 13 C concentrations of 0.0%, 1.1%, 50%, and 92.2%, using the fitting parameters that are fitted to the experimental results of 1.1%
13
C for the temperature region 300-750 K. Open and solid symbols denote, respectively, the calculated results and the experimental results of Chen et al. [13] for comparison. As seen in Fig. 5 , the calculated thermal conductivity reproduces the experimental values for 300-750 K well-especially the fitted values for 1.1% and 99.2% 13 C, where the values are related to each other in a manner similar to isotope impurity, which is consistent with the experimental results. However, we can see a non-negligible deviation of the calculated results from the experiments for 50% and 0.0% 13 C for 300-500 K. In the case of 50% (or 0%) concentration, the scattering of phonons by a Although the experimental results are given only when T > 300 K, we extend the calculated results to the lower temperature region while using the same parameters. The calculated thermal conductivity shows a maximum at around 100 K for all cases of concentration of 13 C whose peak position appears at a lower temperature for a smaller concentration of 13 C. Increasing the thermal conductivity with decreasing values of T is explained by decreasing the phonon scattering events. If we further decrease T, thermal conductivity monotonically decreases to zero, which is explained by a decreasing number of phonons (or by a vanishing heat capacity), which is known to be a general behavior of thermal conductivity of a solid [24] .
In Fig. 6 , we show calculated thermal conductivity for 1.1% [see Eq. (25)] or the square of the number of phonons. In Fig. 6 , we show the κ ball by dashed line for each L as the ballistic limit. Furthermore, we also show κ diff without considering the crossover to κ ball shown by a dotted line as the diffusive limit. It is interesting to see that the thermal conductivity gives a different temperature dependence simply by changing L for the same sample quality of a crystal. The L-dependent thermal conductivity at low temperature is evidence of the crossover of thermal conductivity from diffusive to ballistic thermal conductivity which should be observed in the experiment. For a temperature larger than 300 K, on the other hand, since the MFP for each phonon mode is smaller than L, the L-dependent thermal conductivity does not appear anymore and the thermal conductivity is expressed only by diffusive thermal conductivity, in which phonon-phonon scattering is a dominant contribution to thermal resistivity.
IV. DISCUSSION AND SUMMARY
Finally, let us briefly comment on the application of graphene to thermal conductive devices. It is important to use the maximum thermal conductivity of graphene at relatively low temperature. However, as we can see in Fig. 6 , if we use graphene at 300 K, the sample size L ¼ 2 μm is already sufficient since thermal resistivity by phonon-phonon scattering is dominant. Even if we prepare a better quality of sample whose L value is larger than 2 μm, the value of thermal conductivity does not change at 300 K, which we can see in Fig. 6 . On the other hand, when we increase L, we expect that the maximum value of thermal conductivity increases at lower temperatures. Nevertheless, L ¼ 10 μm is already sufficiently large for the use of thermal conducting devices since the maximum of the diffusive limit has a maximum at around 100 K, as shown in Fig. 6 . Such L-dependent thermal conductivity should be observed in the experiment even though there is some quantitative limitation of calculation. If we adopt a single crystal without any 13 C isotope, the maximum thermal conductivity becomes much larger (6500 W=mK in our calculation; not shown in this paper) than in the case of 1.1% 13 C, as shown Fig. 6 [18] , and the maximum temperature for 0% 13 C decreases to 80 K. In this case, L ¼ 20 μm is needed to obtain the maximum ballistic thermal conductivity at 80 K. Such behaviors should be checked experimentally in the future, too. It is important to note that the data in Fig. 6 do not mean that polycrystalline graphene is sufficient for temperatures higher than 400 K. It is for this reason that we do not consider the phonon scattering at the domain boundary of the polycrystalline sample, which might affect the thermal conductivity if the MFP is larger than L. When we consider the effect of phonon scattering at the boundary, we need to discuss the interference effect of multiple reflected phonons. It is important to note, in addition, that the ZA phonon modes that have the lowest phonon energy among the phonon modes are important for determining the average MFP or phonon occupation numbers. Thus, when we consider the ballistic and diffusive thermal conductivity, the ZA mode gives a dominant contribution to both effects of thermal conductivity. However, the ZA mode is sensitive to the substrate or stacking order of multilayer graphene, especially for the case of long wavelength. If we consider the ZA phonons near the Γ point, a large phonon scattering occurs for the crossing point of phonon dispersion, which would result in too much thermal resistivity to explain the experimental results. Thus, it is not clear from the present calculation what kind of substrate is the best for graphene thermal conducting devices. If we can control the ZA phonon modes and their anharmonicity, the thermal properties would be significantly improved, which is a problem to address in the future.
In conclusion, using a tight-binding description of harmonic and anharmonic vibration, we calculate the thermal conductivity in which not only phonon-phonon scattering, but also isotope scattering of phonons, is taken into account in the calculation. Fitting the harmonic and anharmonic force-constant sets to the experiment and the first-principles calculations, we calculate thermal conductivity as a function of temperature and the sample size L. In the low-temperature region, we see the maximum of thermal conductivity, and the thermal conductivity goes to zero with a further decreasing temperature. The maximum value of the thermal conductivity and the corresponding temperature depends on the sample size L for the same sample. It is for this reason that the crossover of diffusive thermal transport to ballistic thermal transport occurs with decreasing temperature.
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